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Abstract The nonlinear dynamics of supported pipes conveying ﬂuid subjected to vortex-induced
vibration is evaluated using the method of multiple scales. Frequency response portraits for diﬀerent
internal ﬂuid velocities under lock-in conditions are obtained and the stability of steady-state
responses is discussed. Results show that the internal ﬂuid velocity has a prominent eﬀect on the
oscillation amplitude and that the steady-state responses incorporating unstable solutions in the
lock-in region are also obtained. In addition, the eﬀects of two kinds of ﬂuctuating lift coeﬃcients on
the steady-state responses are compared with each other. c© 2012 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1202206]
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Vortex-induced vibration (VIV) frequently occurs
in the ocean engineering when pipes are subjected to
lateral currents. Especially when the vortex-shedding
frequency is close to the natural frequency of the pipe,
lock-in response, namely, resonance may spring up, re-
sulting in relatively large-amplitude oscillation and ac-
celerating the fatigue and damage of the structures.
Therefore, the problem of pipes undergoing VIV is one
of the hot concerned topics due to its engineering sig-
niﬁcance and academic interests.1,2
Most of the early experimental and theoretical stud-
ies on VIV of pipes/cylinders are restricted only to pipes
without internal ﬂuid ﬂow.3–8 Khalak and Williamson9
observed the hysteresis loop phenomenon of the vibra-
tion amplitude with increasing current velocity in their
experiments and recognized this phenomenon as initial,
upper and lower response branches. Chen et al.10 con-
structed a mathematical model of cylinders subjected
to VIV based on the unsteady ﬂow theory. Under the
assumption of a sinusoidal lift and drag force, Wang et
al.11 adopted the ARMA technique for the analysis of
VIV. In recent years, several theoretical and experimen-
tal studies on the vibration characteristics of pipes with
axial internal ﬂuid ﬂow subjected to VIV were reported
by Guo et al.,12,13 Keber and Wiecigroch14 and Meng
and Chen,15 all of whom stated that there is a strong
eﬀect of internal ﬂuid ﬂow on the VIV responses.
Based on the method of multiple scales, this paper
aims to explore the nonlinear responses of VIV of pipes
with internal ﬂuid ﬂow and to investigate the stabil-
ity of steady-state responses in lock-in conditions. The
present study employs a single degree of freedom model
to simulate the lift force induced by the lateral cur-
rents and establishes the nonlinear equation of motion
of pipes conveying axial ﬂuid subjected to VIV. More-
over, the eﬀect of variable lift coeﬃcient used in this
a)Corresponding author. Email: wanglindds@mail.hust.edu.cn.
Fig. 1. Schematic of a simply supported pipe subjected to
VIV.
work on the VIV is compared with that of constant
ﬂuctuating lift coeﬃcient.16
The system under consideration consists of a slender
pipe conveying internal axial ﬂuid in a uniform cross-
ﬂow, as shown in Fig. 1. The pipe is simply supported
at both ends. The pipe may move only in the direction
normal to the external ﬂow under the assumption that
its ﬂow-wise displacement is relatively small. If grav-
ity, internal damping, externally imposed tension and
pressurization eﬀects are either absent or neglected, the
equation under these conditions in cross-ﬂow direction
may take the following form
EI
∂4y(x, t)
∂x4
+ 2mfUi
∂2y(x, t)
∂x∂t
+mfU
2
i
∂2y(x, t)
∂x2
+
m
∂2y(x, t)
∂t2
− EAp
2L
[∫ L
0
(
∂y(x, t)
∂x
)2
dx
]
·
022006-2 H. L. Dai, and L. Wang Theor. Appl. Mech. Lett. 2, 022006 (2012)
∂2y(x, t)
∂x2
= f(x, t), (1)
where m = mf +mp +md, mf , mp and md are respec-
tively deﬁned as the mass per unit length of the internal
ﬂuid, the pipe and the added ﬂuid, EI is the ﬂexural
rigidity of the pipe, Ap is the cross-section area of the
pipe, L is the pipe length, Ui is the velocity of the in-
ternal ﬂow, f(x, t) represents the vortex-induced force
acting on the pipe, y(x, t) is the lateral displacement
of the pipe, x and t are the axial coordinate and time,
respectively. The force f(x, t) may be given by17
f(x, t) = fD(x, t) + fL(x, t) =
−1
2
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+
1
2
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2
eCL cos(ωst+ φ), (2)
where fD(x, t) is the drag force acting in the lateral
direction, fL(x, t) is the lift force, Ue is the external ﬂow
velocity, ρo is the density of the external ﬂuid, CD = 1.2
is the drag coeﬃcient in the transverse direction,14 D
is the outside diameter of the pipe; ωs is the vortex-
shedding frequency, φ indicates a phase angle. It should
be pointed out that CL is the ﬂuctuating lift coeﬃcient
gained through curve-ﬁtting. The experimental data of
relationship between CL and reduced steady amplitude
was given by King.16 By incorporating the following
dimensionless quantities
y˜ = y/D, x˜ = x/L, β = mf/m,
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2/(2
√
mEI), Ωs = ωs(m/EI)
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2
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the equation of motion can be derived as
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As for Eq. (3), the Galerkin discretization may be
used and the ﬁrst order modal truncation with y˜ =
Φ1(x˜)y1(τ) is adopted because of its main contribution.
Then the ODE is obtained as follows
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1y1 = γH11R11y
3
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and Φ1 is the eigenfunction of a simply supported beam.
We scale y1 with the factor ε
1/2 because of the smallness
Fig. 2. Steady-state responses for diﬀerent internal ﬂuid
velocities.
of the motion amplitude. As to the weak interaction
between ﬂuid and structure, we scale c and α with the
factor ε. Thus,
y¨1 + ω
2
1y1 = εγH11R11y
3
1 − εcy˙1 +
εα˜CL cos(Ωsτ + φ). (5)
To seek an approximate solution of Eq. (5), we in-
troduce the time scale Tn = ε
nτ , n = 0, 1, 2, . . . . The
time derivatives are
d/dτ = ∂/∂T0 + ε∂/∂T1 + ...,
d2/dτ2 = ∂2/∂T 20 + 2ε∂
2/(∂T0∂T1) + ... . (6)
We will focus on the dynamics of ﬂuid-conveying
pipes under lock-in conditions, i.e., Ωs = ω1+εσ, where
Ωs and ω1 are respectively Strouhal frequency and the
dimensionless natural frequency of the pipe, ε and σ are
small perturbation parameter and detuning parameter,
respectively. The expansion of y1 is written in the form
y1 = y10(T0, T1) + εy11(T0, T1) + ... . (7)
Substituting Eqs. (6) and (7) into Eq. (5) and equat-
ing coeﬃcients of like powers of ε on both sides, one
obtains
O(ε0) :
∂2y10
∂T 20
+ ω21y10 = 0 (8)
O(ε1) :
∂2y11
∂T 20
+ ω21y11 = −2
∂2y10
∂T0∂T1
+
γH11R11y
3
10 − c
∂y10
∂T0
+
α˜CL cos(Ω1T0 + φ+ σT1). (9)
The solution of Eq. (8) can be expressed as
y10 = A1(T1)e
iω1T0 + A¯1(T1)e
−iω1T0 . (10)
Substituting Eq. (10) into Eq. (9) and eliminating
the secular terms, yields
−2A′1iω1 + γH11R113A21A¯1 − cA1iω1 +
α˜CL
1
2
e i (φ+σT1) = 0, (11)
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Fig. 3. Phase trajectories at upper branch (a) and lower branch (b) with σ = 2 for diﬀerent internal ﬂuid velocities.
Fig. 4. A sample of frequency-response curve for v = 1.5.
Fig. 5. Comparison between CL varying with a1 and CL =
0.6 for v = 0.
where prime denotes diﬀerentiation with respect to the
slow time T1. Now introduce the polar transformation
for the complex amplitude
A1 =
1
2
a1e
i β1 , (12)
where a1 and β1 are the real valued amplitude and
phase, respectively. Substituting Eq. (12) into Eq. (11)
and separating the real and imaginary parts, we get
a′1 = −
1
2
ca1 +
1
2ω1
α˜CL sinψ, (13)
a1ψ
′ = a1σ+
3
8ω1
γH11R11a
3
1+
1
2ω1
α˜CL cosψ, (14)
where ψ = φ + σT1 + β1. The steady-state solution of
Eqs. (13) and (14) can be derived when
a′1 = 0, ψ
′ = 0. (15)
Through Eqs. (13)–(15), the frequency response
equation can be derived[( c
2
)2
+
(
σ +
3γH11R11a
2
1
8ω1
)2]
a21 =
(
α˜CL
2ω1
)2
. (16)
In the following calculations, the Young’s modulus
E = 210 GPa, the length L = 150 m, the outer diam-
eter D = 0.25 m, the inner diameter Di = 0.125 m,
the density of the pipe ρp = 7850 kg/m
3, the density
of the external ﬂuid ρo = 1020 kg/m
3 and the density
of the internal ﬂuid ρi = 870 kg/m
3. According to ex-
perimental data,16 CL can be simulated by a quartic
polynomial: CL = −0.5a41 +2.4a31 − 3.8a21 +1.9a1 +0.2.
The steady-state responses at x = 0.5L of the pipe
for diﬀerent internal ﬂuid velocities are shown in Fig. 2.
It is observed that the amplitude of the periodic mo-
tion decreases with increasing internal ﬂuid velocity for
a given σ, but that the maximum oscillating amplitude
occurs as the vortex-shedding frequency is more deviat-
ing from the natural frequency of the pipe.
Figure 3 displays the sample phase portraits of up-
per and lower response branches for a given σ = 2. The
phase portraits of the middle response branches cannot
be obtained because of the instability of these steady-
state solutions which will be discussed later.
A typical frequency response curve is depicted in
Fig. 4 for a given internal ﬂow velocity v = 1.5. For
the sake of analyzing the jumping phenomenon, a small
disturbance is assumed near the steady-state solution.
Thus, we express
a1 = a0 + aˆ1, ψ = ψ0 + ψ1, (17)
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where a0, ψ0 are steady-state solutions, and aˆ1, ψ1 are
small disturbances related to time. Therefore, CL varies
with a0 in this case.
Substituting Eq. (17) into Eq. (16) and simplifying
to linearization equations, one obtains
aˆ′1 = −
1
2
caˆ1 +
1
2ω1
α˜CL cosψ0ψ1,
ψ′1 =
(
3
4ω1
γH11R11a0 − 1
2ω1a20
α˜CL cosψ0
)
aˆ1−
1
2ω1a0
α˜CL sinψ0ψ1.
(18)
Therefore, the stability of steady-state motion is de-
termined by the eigenvalue λ of coeﬃcient matrix in the
right side of Eq. (18). Calculations show that the real
part of eigenvalue λ is positive when a0 is given between
point 3 and 6, and that, however, when a0 locates at
other positions of the frequency response curve, the real
part of eigenvalue λ is negative. Thus, the steady-state
solutions between point 3 and 6 are unstable, and the
phase portraits of the middle response branches cannot
be obtained.
Another issue considered here is that whether the
lift coeﬃcient can be substituted by a constant, i.e.
CL = 0.6,
16 which is recognized by some researchers.
It is shown in Fig. 5 that there are some diﬀerences
whether from amplitude or from the lock-in region.
In conclusion, the eﬀect of internal ﬂuid velocity
on VIV of pipes is explored based on a single degree
of freedom model using the method of multiple scales.
According to the results, vibration amplitude decreases
with increasing internal ﬂuid velocity in the lock-in con-
dition. It is also shown that unstable steady-state re-
sponses exist in the lock-in regions. Furthermore, the
ﬂuctuating lift coeﬃcient CL may be given as a varia-
tion rather than a constant.
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